Abstract-We here introduce explicit constructions of minimum-delay perfect space-time codes for any number nt of transmit antennas and any number nr of receive antennas.
AX a difference matrix of the code, be non-singular.
* Non vanishing determinant for increasing spectral efficiency. The determinant of any non-normalized difference matrix is lower bounded by SNR°, this being a sufficient condition for any full-rate code to achieve the diversitymultiplexing gain tradeoff [1] , [4] . * Uniform average transmitted energy per antenna. This is immediately achieved if each component of the nonnormalized transmitted matrix, comes directly from the discrete information set (e.g. uncoded QAM-HEX). In the case when the code matrices are from cyclic division algebra (CDA) space-time codes [1] , [2] , as is the case with the only known perfect codes, satisfying the uniform [2] , was justified by the fact that the code constructions manage to simultaneously satisfy several hard to achieve criteria whose performance role is crucial. Perfect codes are the first codes that simultaneously manage to achieve all these criteria. The term Perfect-Code was furthermore justified by the codes' unparalleled performance. Such codes can also be seen as linear-dispersion codes, a fact that allows for sphere-decoding. In addition, for when nt is an odd number or twice an odd number, these codes satisfy the extra criterion of having the transmit constellation correspond to a lattice which has a generator matrix over the real numbers, an aspect that was shown by Boutros and Viterbo [3] to be beneficial in performance.
Finally we point out that these codes cover a much needed requirement for high-dimensional optimal space-time codes, a requirement brought to the fore by the emergence of diversity increasing relay networks and their need for optimal, distributed, linear-dispersion codes, with each dimension corresponding to one of many intermediate relays.
B. New results
We here introduce explicit constructions of minimum-delay perfect space-time codes for any number nt of transmit antennas and any number nr of receive antennas.
We also proceed to construct non-minimal delay perfect space-time codes for any nt, nr and any block length T > nt.
Finally, we point out that the set of criteria in [2] of nonvanishing determinant, full diversity, and full rate, is a subset of the more general and more strict set of criteria for optimality in the diversity-multiplexing gain tradeoff [1] , [6] , an approach that takes special significance when constructing non-minimal delay perfect codes. Both minimum and non-minimum delay perfect codes are shown to be D-MG optimal.
C. Cyclic Division Algebra Space-Time Codes
The creation of the perfect n x n space-time block codes will be based on the existing cyclic division algebra (CDA) space-time codes which are known to have full-rate, full diversity and non-vanishing determninant and thus achieve 0-7803-9305-8/05/$20.00 ©2005 IEEE D-MG optimality [1] . In order to achieve the perfect-code conditions, we will modify the existing CDA code parameters so that the uniform average transmitted energy per antenna and the good constellation shaping conditions are also satisfied. In other words we will make sure that the non-norm element -y of the division algebra satisfies that -PY 1 the relation of the lattice generator matrix G to the code-matrix X becomes:
We proceed to construct such 'orthogonal' lattices of any dimension n, in a manner that will allow for incorporation in CDA based space-time code constructions. We will construct lattices of dimension 2k, k E Z, then lattices for any odd dimension N and then proceed to combine them in order to give the final desired lattices for any dimension n over Q(z), or any odd degree or two times odd degree over Q(e2s ). Without any loss of generality, we will limit our discussion to the QAM case, corresponding to Q(t), 
The fact that the lattice corresponds to the ring of integers of the m-dimensional cyclic Galois extension K over Q(t) allows for Ge to be directly used in (3) [5] , Section V, explicitly construct N-dimensional orthogonal lattices that belong in an N-degree cyclic Galois extension K over Q, with the restriction on N having to be an odd prime integer. A closer investigation though, shows that the same construction method is valid for any odd N. [5] , has GN(i,j) = Ui(ui(x)), 0 < i, j < N -1. One utilizes the useful simplifications of a(a) --wP-1CE, a(wAa) =-wAa and (wA a)2 = (-l)mp, again valid for all odd N. With these tools in hand, the authors in [5] proceed by straight forward algebraic manipulation to show that GNGT(i, j) = TrK/Q('i(X)Uj(X)) = p26j,j, but for N restricted to being an odd prime. It is the case though, as stated before, that closer investigation of the proofs shows that N need not be assumed to be a prime. All that is needed for the proof to work is that N needs to be odd. As a result, the desired matrices can be created for any odd dimension N. Finally we note that K is completely real over Q, a direct result of N being odd as well as of the fact that K c Q(w + w-1).
The coprime nature of their degrees makes K and Q(t) For this, we do not need the discriminants to be coprime as in [5] , since our fields already have coprime degrees so the composite of the fields Ki is hence their tensor product over Q. In [1] it is proven that for any n-dimensional cyclic Galois extension K over Q(2), for any n, there exists a 'nonnorm' element -a E Q(z), whose existence guarantees that all AXAXt have full rank. When constructing CDA-based space-time codes, one requires that -y be independent of SNR, a trade essential in the concept of constellation expansion. The methodology for finding such a non-norm element is based on the existence of unramified primes for each of the cyclotomic field extensions involved in the construction of the cyclic Galois, maximal field L of the related division algebra. From [1] we see that independent of the cyclotomic fields involved in the construction, there always exists such a y that is unramified from the base field F to the compositum of the cyclotomic fields, a condition that guarantees the construction of the CDA. For the purpose of the CDA space-time code, it is the case that when the information set is discrete, a -y that is independent of SNR is enough to guarantee the non-vanishing determinant property. Considering that (a + bz)(a -bz) = (b + az)(b -at) and that a+bz, a-bz, b+az, b-al are all primes, we show that b+at is not an associate of a+bt unless b and a are associates in Z. For when n = 3 or 2 -3k it is easy to show that 3 + W3 iS unramified from Q(W3) to L Consequently, the perfect-code condition of having uniform average transmitted energy per antenna is satisfied. The exact methodology for finding the original non-norm elements for any n is precisely given in [1] , with some examples shown in Table I .
TABLE I NON-NORM ELEMENTS
Remark 1: Note that the above choice of -y allows for the determinant to be of the order of the numerator of -y, and thus non-vanishing. If it is desired that the underlying information constellation be strictly QAM or HEX, taking advantage of the fact that 2[z] -QAM QAM or Z[W31 * HEX = HEX, one can multiply each codematrix by the numerator of -y, an action which is in accord with the perfect code conditions since lattice discriminants, kissing numbers or signatures are not considered in the conditions.
As mentioned in Section I-C, for the minimum delay case, the other three conditions of full diversity, full rate and nonvanishing determinant, as described in [2] , are also satisfied. As a concluding result we have that:
Theorem 5: The nt x nt CDA based space-time codes resulting from (3) after implementation of the unitary lattice generator matrices supporting Theorem 2 and after utilization of the non-norm elements of Lemmas 3 and 4, are perfect space-time codes for all nt.
We now introduce the non-minimum delay perfect codes.
III. EXPLICIT, NON-MINIMUM-DELAY PERFECT SPACE-TIME CODES
A. Codes with block length being any multiple of the number of transmit antennas We here present explicit constructions of non-minimal delay space-time codes with block length T being any multiple of the number of transmit antennas nt. Applying the unitary lattice generator matrices and unit-magnitude non-norm elements of the division algebras as described in Theorem 5, make each such code a non-minimal delay perfect code for all nt. We also see that that such codes are D-MG optimal. 
The fact that all {X,X }ITL are Hermitian PSD matrices, together with the fact that the sum of PSD matrices is also [6] , [7] . Recall from [4] Consider a T x T CDA-based space-time code X. We construct the nt x T code X, T > nt, by deleting the same T -nt rows from all the code-matrices X' e X. Any AXAXt e X, is an nt x nt principal sub-matrix of the corresponding AX AX't T x T matrix. Direct application of Theorem 4.3.15 from [8] , combined with eigenvalue bounds from [1] , gives us that det(AXAXt> det(AX'AX') -SNR-T+T ) (8) det(AXAXt)(SNR ")T-nt and from [6] , [7] we see that such a nt x This new condition draws its meaning from the diversitymultiplexing gain tradeoff where the transmission rate R is a function of SNR, and is expressed in the form of the multiplexing gain r -Og2 NR In terms of r, the normalizing factor is easily shown to be v2 = TESjjXNRj1j -SNR1 n for when the cardinality of the signal set is the nth power of the cardinality of the information set, and v2 = SNR1-r for when the cardinality of the signal set is the Tth power of the cardinality of an information set such as QAM or HEX.
As a result, for the nt-dimensional case, a non-vanishing lower bound on the determinant of the non- SNRnt-r and as a result, the non-vanishing determinant bound on the non-normalized code-matrices is replaced by det(AXAXt) > SNR-T(Tnt) Along these lines, we replace the perfect-code conditions, of non-vanishing determinant, full diversity and full rate with the more general condition of D-MG optimality which engulfs these three existing conditions. As a result we have the following theorem.
Theorem 7: Consider the nt x T space-time code X constructed by deleting the same T -nt rows from all the codematrices of a T x T perfect CDA space-time code described in Theorem 5. It is then the case that X is a perfect space-time code for any number of transmit antennas nt and any block length T > nt.
IV. EXAMPLES
We here present examples of some newly constructed perfect codes.
The 5 x 5 perfect space-time code is given by: with -y 2+s and generator matrix G7 from above. The performance of the explicit quadratic construction presented in this paper is compared to that of the golden code [2] , whose non-norm element and ideal lattice were specifically optimized for the 2 x 2 case. Both perfect codes are compared to the Alamouti code. The codes operated at 16 bits per channel use and were decoded using sphere decoding. Furthermore we give the resulting performance improvement in the 3 x 3 case for when we first improve the constellation and finally the 'non-norn' element.
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